We study the combined effect of cubic anisotropy and quenched uncorrelated impurities on multicomponent spin models. For this purpose, we consider the field-theoretical approach based on the Ginzburg-Landau-Wilson ϕ 4 Hamiltonian with cubic-symmetric quartic interactions and quenched randomness coupled to the local energy density. We compute the renormalization-group functions to six loops in the fixed-dimension (d = 3) perturbative scheme. The analysis of such high-order series provides an accurate description of the renormalization-group flow. The results are also used to determine the critical behavior of three-dimensional antiferromagnetic three-and four-state Potts models in the presence of quenched impurities.
I. INTRODUCTION.
The critical behavior of systems with quenched disorder is of considerable theoretical and experimental interest. A typical example is obtained by mixing an (anti)-ferromagnetic material with a nonmagnetic one, obtaining the so-called randomly dilute magnets. The critical properties of many magnetic materials are described by the O(M)-symmetric ϕ 4 Hamiltonian. In these systems, the presence of uncorrelated random impurities is taken into account by coupling a random field with the local energy density [1] , i.e., by considering
where φ(x) is an M-component field, r ∝ T − T c , and ψ(x) is a spatially uncorrelated random field. The critical behavior of these systems is well established, both theoretically and experimentally, see, e.g., Refs. [2] [3] [4] [5] [6] and references therein. In particular, a new random Ising universality class (RIM) describes the critical behavior of the randomly dilute Ising model. However, O(M)-symmetric Hamiltonians are rather simplified models for magnets. In particular, they do not take into account the presence of nonrotationally invariant interactions that have only the reduced symmetry of the lattice, see, e.g., Ref. [2] . These interactions are often assumed to be very small and are therefore neglected. However, this is fully justified only if they are irrelevant in the renormalization-group (RG) sense. This issue may be investigated by considering the cubic-symmetric ϕ 4 Hamiltonian
on the value of the negative effective coupling w 0 , the three-state antiferromagnetic Potts model may either show an XY critical behavior or undergo a weak first-order transition. Several studies support an XY critical behavior [14] . On the other hand, on the basis of the RG flow of the M = 3 cubic model, the four-state antiferromagnetic Potts model is expected to undergo a weak first-order transition. This has been partially confirmed by the Monte Carlo simulations reported in Ref. [13] .
In this paper, we study the effect of quenched disorder coupled to the local energy density, such as the one induced by impurities, on M-component models whose pure systems are described by the cubic ϕ 4 Hamiltonian H c , such as magnets with cubic anisotropy and antiferromagnetic three-and four-state Potts models.
The Harris criterion [15] states that the addition of impurities to a system which undergoes a second-order phase transition does not change the critical behavior if the specific-heat critical exponent α pure of the pure system is negative. If α pure is positive, the transition is altered. This occurs in the Ising case (M = 1), where the addition of impurities leads to a new random Ising universality class (RIM). In pure M-component cubic models (M > 1) the specific-heat exponent α pure is negative; therefore, according to the Harris criterion, the pure fixed point is stable against disorder. Nonetheless, disorder may still have physical consequences. For instance, it may change the attraction domain of the pure stable fixed point or it may give rise to new fixed points. In particular, random dilution may cause a softening of the weak first-order transition predicted for pure systems that are outside the attraction domain of the stable fixed point. This phenomenon occurs near two dimensions in a system of M Ising models coupled by an O(M)-symmetric quartic interaction with negative coupling, corresponding to the cubic Hamiltonian H c with v 0 < 0 and w 0 > 0. Indeed, it has been shown [16] that, in 2 + ε dimensions and to first order in ε, a quenched disorder coupled to the local energy softens the weak (fluctuation-induced) first-order transition to a continuous critical behavior. On the other hand, the ǫ = 4 − d expansion shows that the addition of impurities does not cause such a softening near four dimensions. The issue remains open in the most interesting case of three dimensions.
The starting point of the field-theory approach to the study of randomly dilute cubicsymmetric models is the Hamiltonian
where ψ(x) is a spatially uncorrelated random field with Gaussian distribution
Since we consider quenched disorder, in order to obtain the free energy of the system, we need to compute the partition function Z(ψ, v 0 , w 0 ) for a given distribution ψ(x), and then average the corresponding free energy over all distributions with probability P (ψ). By using the standard replica trick, it is possible to replace the quenched average with an annealed one. First, the system is replaced by N noninteracting copies with annealed disorder. Then, integrating over the disorder, one obtains the Hamiltonian [17] 
where a, b = 1, ...M and i, j = 1, ...N [18] . The original system, i.e. the randomly dilute M-component cubic model, is recovered in the limit N → 0. Note that the coupling u 0 is negative, being proportional to minus the variance of the quenched disorder. It is important to mention that the derivation assumes that the replica symmetry is not broken in the limit N → 0. See, e.g., Refs. [19, 20] for works addressing this point. The study of the effective Hamiltonian H e in the limit N → 0 may provide also information on the critical behavior of the randomly dilute antiferromagnetic three-and four-state Potts model
where ρ i are uncorrelated random variables, which are equal to one with probability x (the spin concentration) and zero with probability 1−x (the impurity concentration). Indeed, one may extend the correspondence between the pure Potts model and the cubic Hamiltonian H c finding that randomly dilute three-and four-state models are respectively related to the two-and three-component H e in the limit N → 0 and for w 0 < 0. In particular, one may investigate the possibility that random dilution softens the weak first-order transition predicted for the four-state model. In order to study the RG flow of the effective Hamiltonian H e , we consider the fixeddimension perturbative method in d = 3 and compute the RG functions perturbatively to six loops. The analysis of such series allows us to determine the RG flow in the whole physical region of the couplings. We briefly anticipate the main results of our analysis. The stability of the stable fixed points of the pure theory predicted by the Harris criterion is confirmed. The region v 0 < 0 for any M and the region w 0 < 0 for M ≥ 3 is outside the attraction domain of the stable fixed points for all physical values u 0 < 0. Thus, the field-theoretical approach indicates that the addition of impurities does not cause a softening of the weak first-order transitions predicted for such systems and, in particular, for the randomly dilute antiferromagnetic four-state Potts model. Finally, for any M we note the presence of a fixed point in the RIM universality class, which is weakly unstable (i.e. with a very small crossover exponent) and may give rise to observable crossover effects in physical systems.
The paper is organized as follows. In Sec. II we discuss some general properties of the RG flow in three dimensions. Sec. III analyzes the RG flow near four dimensions. In Sec. IV we present our pertubative six-loop computations. In particular, we report the six-loop series of the β-functions. The series are then analyzed in Sec. V. In Sec. VI we finally draw our conclusions. In Appendix we compute the differences between the three-component cubic and Heisenberg critical exponents, by a reanalysis of the fixed-dimension six-loop expansion of the cubic Hamiltonian H c .
II. GENERAL CONSIDERATIONS ON THE RG FLOW
In this section we discuss some properties of the RG flow of the Hamiltonian (1.6) for N → 0, using general arguments and known results holding for the special cases in which one of the quartic couplings vanishes. The RG flow in the plane u = 0 is that of the cubic Hamiltonian (1.2) (see, e.g., Ref.
[4] for a recent review of results). Indeed, for u = 0 the Hamiltonian (1.6) describes N decoupled M-component cubic-symmetric models. Therefore, in the plane u = 0 there are four fixed points [2] : the trivial Gaussian one, the Ising one in which the M components of the field decouple, the O(M)-symmetric and the cubic fixed point. The Gaussian fixed point is always unstable, and so is the Ising fixed point for any number of components M [2, 21] . On the other hand, the stability properties of the O(M)-symmetric and of the cubic fixed point depend on M. For sufficiently small values of M, M < M c , the O(M)-symmetric fixed point is stable and the cubic one is unstable. For M > M c , the opposite is true: the RG flow is driven towards the cubic fixed point. Figure 1 sketches the flow diagram in the two cases M < M c and M > M c . High-order perturbative computations in the ǫ-expansion and in the fixed-dimension field-theoretical frameworks show that 2 < M c < 3; more precisely, M c ≈ 2.9 [8, 7] . This means that the critical behavior of the two-component cubic model is described by the O(2)-symmetric fixed point and therefore belongs to the XY universality class. If M > M c , the cubic anisotropy is relevant and therefore the critical behavior of the system is not described by the Heisenberg isotropic Hamiltonian. If the cubic interaction favors the alignment of the spins along the diagonals of the cube, i.e. for a positive coupling w, the critical behavior is controlled by the cubic fixed point and the cubic symmetry is retained even at the critical point. On the other hand, if the system tends to magnetize along the cubic axes-this corresponds to a negative coupling w-then the system undergoes a weak first-order phase transition, since the associated RG flow runs away to infinity.
We note that in the three-component case the cubic critical exponents differ very little from those of the Heisenberg universality class. The available estimates of the critical exponents are indistinguishable within their uncertainty. Field-theoretical six-loop calculations for the cubic model [8] give ν c = 0.706 (6) , η c = 0.0333 (26) and γ c = 1.390 (12) , while the analysis of Ref. [22] of six-and seven-loop series for the O(3)-symmetric Heisenberg model provide the estimates ν H = 0.7073 (35) , η H = 0.0355 (25) , γ H = 1.3895 (50) . We also mention the more accurate estimates obtained by lattice techniques [23] , that are
By comparing these estimates we can only put a bound on the differences of the cubic and Heisenberg exponents; for example, the estimates of ν differ at most by 1%. Much better estimates of such differences can be obtained by a more careful analysis of the six-loop fixeddimension series reported in Ref. [8] . The analysis reported in the Appendix provides the following results
whose very small values come from peculiar cancellations. These differences are much smaller that the typical experimental errors, see, e.g., Ref. [23] for a list of experimental results for three-component magnetic systems. Therefore, distinguishing the cubic and the Heisenberg universality class should be very hard (but see Refs. [24, 25] for possible alternative ways to check the field-theoretical predictions for three-component cubic models). Moreover, the differences are at most of the order of the errors of the theoretical estimates (2.1). Using the most precise estimates (2.1) for the Heisenberg exponents and the differences (2.2), one obtains
(the errors have been estimated by considering the errors on the Heisenberg exponents and the differences (2.2) as independent). The stability of the pure fixed points against the u-perturbation can be inferred by using general arguments [15, 21, 2] . Since the u-interaction is the sum of the products of the energy operators of the different cubic M-component models, the crossover exponent associated with u is given by the specific-heat critical exponent α independently of N, and thus also for N → 0. Therefore, the pure stable fixed point is stable with respect to random dilution for any M ≥ 2, since the specific-heat exponent is always negative. For example, for M = 2, where the stable fixed point is the O(2)-symmetric one, we have [26] α XY = −0.0146 (8) ; for M = 3, where the stable fixed point is the cubic one, we have the estimates α c = −0.118 (18) from the field-theoretical analysis of Ref. [8] , and α c = −0.133(2) from (2.3).
For v = 0 the Hamiltonian (1.6) describes an MN-component model with cubic anisotropy. The RG flow for N → 0 is shown in Fig. 2 . It is characterized by the presence of two stable fixed points. The one for u > 0, w = 0 is in the self-avoiding walk (SAW) universality class, but it is irrelevant for our problem, since it is unreachable from the physical region u < 0. The other one belongs to the region u < 0, w > 0 and it is in the RIM universality class. See, e.g., Refs. [27] [28] [29] [30] [31] for recent studies of the critical properties of RIM.
In the case w = 0, the Hamiltonian (1.6) describes N coupled M-vector models, and it is also called MN model [2] . See, e.g., Ref. [4] for a recent review of results. The RG flow for M ≥ 2 and N → 0 is shown in Fig. 2 . Again, the flow is characterized by two stable fixed points: the SAW and the O(M)-symmetric ones.
We also observe that the Hamiltonian (1.6) for M = 2 and generic N is invariant under the transformation [32] (
For N = 0 this transformation maps the Ising fixed point into the cubic one, and the RIM fixed point into a new one belonging to the region with u < 0, v > 0, w < 0. Of course, corresponding fixed points describe the same critical behavior.
In conclusion, the above-reported considerations show the presence of at least seven fixed points for M ≥ 3 and eight for M = 2 using the symmetry (2.4). Of course, other fixed points may lie outside the planes u = 0, v = 0, w = 0. Thus, a more general analysis for generic values of the quartic couplings is necessary in order to obtain a satisfactory knowledge of the RG flow. In particular, this would allow us to investigate if random dilution may cause a softening of the first-order transition predicted for pure systems that are outside the attraction domain of the stable fixed point. For example, systems with v < 0 might have a continuous transition if there exists a fixed point in the region u < 0, v < 0, while, for systems with M ≥ 3 and w < 0, softening to a continuous transition requires a fixed point in the region u < 0, w < 0.
III. THE RG FLOW NEAR FOUR DIMENSIONS
The RG flow of the randomly dilute cubic-symmetric model can be investigated near four dimensions using the first nontrivial terms of the expansion in powers of ǫ ≡ 4 − d. Using the results reported in Refs. [17, 33, 10] , one may easily obtain the results of Table I , where the location of the fixed points and the eigenvalues of the corresponding stability matrix are reported to leading order.
Note that the O( √ ǫ) fixed points emerge at two-loop level, and are related to the degeneracy of the one-loop β-functions [34] . For M = 2 the fixed points IV, VII, VIII can be mapped respectively into the fixed points VI, IX, X using the symmetry (2.4).
We recall that the physically relevant fixed points are those that are reachable from the region u < 0. Thus, some of the fixed points reported in Table I are not interesting, such as III and VIII (and X for M = 2). The relevant fixed points are I (Gaussian), II (O(M)), IV 
for all values of M ≥ 2, and V (mixed) and IX for M ≤ 4 (note that in three dimensions the mixed fixed point V lies in the u > 0 region for all M ≥ 2, as shown in the preceding section). Concerning the stability properties of the fixed points, we note that most fixed points in the u ≤ 0 are unstable for any M, except for the O(M) and cubic fixed points. For M < M c = 4 (a more refined analysis gives M c = 4 − 2ǫ + O(ǫ 2 ), while we recall that M c ≈ 2.9 in three dimensions) the stable fixed point is the O(M) one, while for M > M c the stable fixed point becomes the cubic one. Note that the derivation of ω 1 for the fixed point VII (RIM) requires a three-loop calculation-we used here the results of Ref. [33] .
In conclusion, near four dimensions the critical behavior is not changed by the addition of random impurities for any M ≥ 2. Moreover, as already observed in Ref. [16] (although that analysis missed the O( √ ǫ) fixed points), there is no softening of the transition for pure systems that are outside the attraction domain of the stable fixed point (in particular, for v < 0 and for w < 0 in the case M ≥ M c ).
Of course, the ǫ-expansion provides useful indications of the RG flow in lower dimensions. But the validity of the extrapolation to ǫ = 1 of the results obtained near four dimensions is not guaranteed, even at a qualitative level. Relevant features concerning the location and the stability of the fixed points can drastically change approaching three dimensions. Moreover, new fixed points, which are not found in ǫ-expansion analyses, may appear in three dimensions. For example, this occurs in the physically interesting cases of the ϕ Hamiltonian describing the critical behavior of frustrated spin models with noncollinear order [35] [36] [37] and the Ginzburg-Landau model of superconductors, where a complex scalar field couples to a gauge field [38, 39] .
IV. THE FIXED-DIMENSION PERTURBATIVE EXPANSION.
A. The RG functions.
In the fixed-dimension field-theory approach, see, e.g., Ref. [4] and references therein, one expands in powers of appropriately defined zero-momentum quartic couplings. The theory is renormalized by introducing a set of zero-momentum conditions for the two-point and four-point one-particle irreducible correlation functions:
where
Equations (4.1) and (4.2) relate the second-moment mass m and the zero-momentum quartic couplings u, v, and w to the corresponding Hamiltonian parameters r, u 0 , v 0 , and w 0 :
Note that the sign of the couplings is preserved by renormalization. In addition, we define the function Z t through the relation
where Γ (1,2) is the one-particle irreducible two-point function with an insertion of 1 2 φ 2 . From the pertubative expansion of the correlation functions Γ (2) , Γ (4) and Γ (1, 2) and the above-reported definitions, one derives the expansion of
The fixed points (u * , v * , w * ) of the theory are given by the common zeros of the β-functions 10) from which one derives the critical exponents using the relations
B. The perturbative series to six loops.
We computed the perturbative expansion of the correlation functions (4.1), (4.2), and (4.6) to six loops. The diagrams contributing to the two-point and four-point functions to sixloop order are reported in Ref. [40] : they are approximately one thousand. We handled them with a symbolic manipulation program, which generates the diagrams and computes the symmetry and group factors of each of them. We did not calculate the integrals associated with each diagram, but we used the numerical results compiled in Ref. [40] . Summing all contributions, we determined the RG functions to six loops. We report the series for N = 0 in terms of the rescaled couplings 13) where R K = 9/(8 + K). The resulting series are
14)
The coefficients b are reported in the Tables II, III, and  IV, respectively. We report the RG functions η φ and η t to two loops only (the complete six-loop series are available on request), since we will not use them in our analysis. They are 
We have done several checks: (i) for w = 0 the series reproduce the series for the MN model for N → 0 [30] ; (ii) for v = 0 they reproduce the series for the randomly dilute Ising model [30, 8] ; (iii) for u = 0 they are equal to those of the M-component cubic model [8] ; (iv) for M = 2 the series satisfy the relations 19) that follow from the symmetry (2.4) and the rescalings (4.13); (v) for M = 1 the following relation holds
(vi) for M = 0 the series satisfy the relations
V. ANALYSIS OF THE SIX-LOOP EXPANSION

A. Resummation of the series
Since field-theoretic perturbative expansions are asymptotic, the resummation is essential to obtain accurate estimates of physical quantities. that exploit the Borel summability of the perturbative expansion and the knowledge of its large-order behavior. See, e.g., Ref. [41] . This method has also been used in the case of more than one variable [8, 36] , for instance, for the cubic Hamiltonian (1.2). The analysis of the series of randomly dilute models is made more difficult by the more complicated analytic structure of the field theories corresponding to quenched disordered models. This issue has been investigated in zero dimensions for the Ising case, which is described by the cubic Hamiltonian (1.2) for M → 0. The large-order behavior of the double expansion in the quartic couplings v and w of the free energy shows that the expansion in powers of w, keeping the ratio v/w fixed, is not Borel summable [42] . Ref. [43] showed that the non-Borel summability is a consequence of the fact that, because of the quenched average, there are additional singularities corresponding to the zeroes of the partition function Z(ψ, u 0 ) obtained from the Hamiltonian (1.1). The problem was reconsidered in Ref. [44] . In the same context of the zero-dimensional model, it was shown that a more elaborate resummation can provide the correct determination of the free energy from its perturbative expansion. The procedure is still based on a Borel summation, which is performed in two steps: first, one resums in the coupling w each coefficient of the series in v; then, one resums the resulting series in the coupling v. Although no proof exists that this procedure works in higher dimensions, this method has been recently applied to resum the six-loop expansion in three dimensions [30] , providing reasonably accurate results.
We apply a similar method to resum the series of the randomly dilute cubic model for generic values of u, v, w. Let us consider a perturbative series of the form
Following Ref. [30] , we first resum the coefficients c n (v, w) and then, using the computed coefficients, we resum the series in u. The first resummation can be performed using either the Padé-Borel method or the conformal-mapping method-indeed, the large-order behavior of the coefficients c n (v, w) is exactly the one of the M-component cubic model [8] . In the Padé-Borel method, for each 0 ≤ n ≤ p (where p is maximum order considered), we consider the Padé approximants [(p −n−r n )/r n ] of the Borel-Leroy transformed series, which depend on an additional parameter b n . The second method uses the large-order behavior of the series and a conformal mapping, see Ref. [30] . Once an estimate of the coefficients c n (v, w) is obtained, the second resummation is performed using the Padé-Borel method. We consider Padé approximants [(q − r u )/r u ] of the Borel-Leroy transformed series, with q ≤ p − 1. Therefore, in the double Padé-Borel method, which we will mostly use, the parameters introduced by the analysis are p, {b n }, {r n } for the first resummation and q, b u , r u for the second one. It is impossible to vary all the b n and r n independently, since there are too many combinations. Therefore, following Ref. [30] , we took them equal for all n.
In the special cases when one of the coupling vanishes, one may use the methods already applied in the literature for the study of the corresponding model. For example, the series for u = 0 correspond to those of the Hamiltonian (1.2); they are Borel summable, thus one may use the standard technique based on the knowledge of the large-order behavior and a conformal mapping [8] . The series for v = 0 correspond to those of the RIM Hamiltonian, i.e. (1.2) with M → 0; thus, one may use the analysis methods outlined in Ref. [30] .
B. Results
Stability of the fixed points of the pure systems
First, we check the stability of the stable fixed point of the pure theory with respect to the perturbation induced by random dilution.
The coordinates of the stable O(2)-symmetric fixed point of the two-component theory are [26, 22] u = 0, v XY = 1.402(4), and w = 0. The stability with respect to random dilution is controlled by
which, according to the nonpertubative argument reported in Sec. II, should be given by
where α XY and ν XY are the critical exponents of the XY model. The analysis of the series (exploiting the known large-order behavior of the series and using the conformal-mapping method) gives ω u = 0.007 (8) . Therefore, the stability of the XY fixed point is substantially confirmed, although the apparent error of the analysis does not completely exclude the opposite sign for ω u . The estimate of ω u is substantially consistent with Eq. (5.4). Indeed, α XY /ν XY = −0.0217(12) (Ref. [26] ), obtained from the analysis of high-temperature series, and α XY /ν XY = −0.016(7) (Ref. [22] ) and α XY /ν XY = −0.010(9) (Ref. [45] ), obtained by a more similar technique, i.e., the analysis of the fixed-dimension expansion of the O(2)-symmetric model. We now consider the case M ≥ 3. The relevant fixed point is now the cubic one with coordinates (0, v c , w c ). The stability against the u perturbation is determined by the sign of
Again, one expects
where α c and ν c are the critical exponents associated with the cubic fixed point. Since the large-order behavior of the series of Eq. (5.5) is determined by the pure cubic fixed point, one can use the standard conformal-mapping resummation [8] . Estimates of ω u for several values of M are reported in Table V (we use the estimates of the cubic fixed points reported in Ref. [8] ). For comparison, we also report the ratio −α c /ν c as obtained from the results of Ref. [8] .
In conclusion, the analysis of the six-loop perturbative series shows that the stable fixed points of the pure systems are stable with respect to the addition of random impurities, in agreement with the Harris criterion. We now study the stability of the RIM fixed point located in the plane v = 0. Its coordinates are [30] (20) . This fixed point is stable in the plane v = 0. To check its stability with respect to the v-perturbation we need to compute only
since the derivatives of β v with respect to u and w vanish at v = 0. Note that the series for ω v is M independent. We apply the double Padé-Borel method to resum the series. We find that nondefective Padé approximants are obtained only for r w = 1. Setting q = p − 1, the results depend on four free parameters: p, r u , b u , and b w . In principle, we should look for the values of b u and b w that make the estimates independent of the order p of the series, but in the present case the values are weakly depending upon these two parameters. So, we consider all values 0 ≤ b u , b w ≤ 10. With this choice, all approximants with r u = 1 and r u > 2 are defective and therefore, we use p = 4, 5, and 6 and r u = 0, 2. For r u = 0 (direct summation) we obtain ω v = −0.047(8) [20] for p = 4, ω v = 0.008(2) [20] for p = 5, and ω v = −0.049(2) [20] for p = 6, where the number between parentheses is related to the spread of the results of the approximants considered, while the one between brackets is related to the uncertainty on the location of the fixed point. For r u = 2, all approximants with p = 4 are defective. For p = 5 we obtain ω v = −0.012(14) [20] and for p = 6 ω v = −0.080(5) [20] . The quite large discrepancy between these estimates clearly indicates that the analysis is not very robust. We give as conservative final estimate
that includes all previous results [46] . This value suggests that the RIM fixed point is unstable, although it does not allow us to exclude the opposite case. On the other hand, we note that if the RIM fixed point is stable, then another fixed point should exist in the physical region u ≤ 0, since between two stable fixed points one expects a separatrix line generated by an unstable fixed point. No evidence for such a fixed point has been obtained in the analysis. Thus, the evidence supporting the instability of the RIM fixed point is probably stronger than the estimate (5.8).
Finally, we search for the presence of new fixed points in the physical region u < 0. Our analysis does not provide evidence for new fixed points in the physical region u < 0, at least for u > ∼ −1, the region in which sufficiently stable results are obtained. In the case M = 2, we only find the fixed point predicted by the symmetry (2.4). Indeed, a fixed point equivalent to the RIM is expected at u (20) . Our resummation of the six-loop series gives consistent results for the location of the fixed point and for the eigenvalues of the stability matrix.
VI. CONCLUSIONS
In this paper we have studied the effect of random impurities on the critical behavior of three-dimensional systems that are described by a ϕ 4 Hamiltonian with cubic-symmetric quartic interactions. As already mentioned in the introduction, this issue is not academic because nonrotationally invariant interactions arise naturally in real magnets, due to the reduced cubic symmetry of the lattice [2] . Moreover, as argued in Refs. [12, 13] , the same Hamiltonian with negative cubic-symmetric quartic coupling is relevant for the description of the critical behavior of the antiferromagnetic three-and four-state Potts model. In particular, the RG flow of the three-component cubic Hamiltonian predicts a weak first-order phase transition for the four-state model.
We have investigated if the addition of random impurities to such systems causes a change in their critical behavior. In agreement with the Harris criterion, the stable fixed point of the pure theory is found stable with respect to random dilution for any M ≥ 2. The regions with v < 0 for M ≥ 2 and w < 0 for M ≥ 3 are outside the attraction domain of any fixed point for all physical values u < 0, since the RG flow runs away to infinity. Finally, for any M we note the presence of a fixed point in the RIM universality class, which is weakly unstable-it has a very small crossover exponent-and may give rise to relevant crossover effects in physical systems.
An interesting general issue in critical phenomena concerns the effect of the addition of quenched impurities, and in general of quenched disorder coupled to the local energy density, to the critical behavior of systems undergoing a first-order transition. In particular, one may consider statistical systems that are outside the attraction domain of any stable fixed point, and show therefore a first-order transition. These first-order transitions are often called fluctuation-driven transitions, since they are predicted to be continuous in the mean-field approximation, but are instead first order because associated with run-away RG flows. Examples of such systems are provided by the cubic-symmetric model with v < 0 and, in the case M ≥ 3, with w < 0, and, in particular, by the antiferromagnetic four-state Potts model. It was argued in Ref. [47] , and later put on a rigorous basis [48, 49] , that in two dimensions thermal first-order transitions become continuous in the presence of quenched disorder coupled to the local energy density. In Ref. [16] it was also shown that such a softening persists in 2 + ε dimensions for the fluctuation-driven first-order phase transition of systems described by the cubic model (1.2) for v < 0 (that can be considered as M coupled Ising models). On the other hand, the ǫ-expansion analysis of Sec. III shows that no softening phenomenon occurs near four dimensions in systems described by the Hamiltonians (1.2) and (1.6). Thus, it is interesting to address this issue in three dimensions, where the analysis of Ref. [47] shows that the occurrence of softening may depend on nonuniversal features of the model. Softening in cubic models with v < 0 would require the presence of a (stable or unstable) fixed point in the region u < 0, v < 0, while for M ≥ 3 and w < 0 it would require the presence of a fixed point in the u < 0, w < 0 region. Therefore, the results of our analysis, i.e. the absence of fixed points in the region v < 0 for any M and in the region w < 0 for M ≥ 3, show that no softening is expected, at least for sufficiently low impurity concentration to justify the field-theoretical approach. In particular, this result applies to the antiferromagnetic four-state Potts model.
In order to estimate the r.h.s. of the above equations, one needs to consider all the elements of the covariance matrix associated with the cubic fixed point X c , i.e. C u u = 0.000345, C v v = 0.000380 and C u v = −0.000361, because the estimates of the coordinates v c , w c are strongly correlated. Indeed, using the covariance matrix one obtains the quite precise estimate 
Therefore we observe a drastic cancellation in the first-order contribution to ∆η and ∆ν, thus suggesting that such differences should be actually very small. In order to provide reliable bounds, we determined the next-order contributions to Eqs. (A1). The second-order contribution can be estimated by evaluating the second derivatives of η φ , η t and β u at X H . We obtained ∆η (2) ≈ −0.00002 and ∆ν (2) ≈ −0.0001. We also checked that the thirdorder contributions are very small and negligible. In conclusion, this analysis provides the following estimates for the differences of the exponents ∆η = −0.0001(1), ∆ν = −0.0003(3),
and ∆γ = −0.0005(7), using the hyperscaling relation γ = (2 − η)ν.
